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Abstract— The author have proposed a dynamic turning con-
trol system of a quadruped robot by using nonlinear oscillators.
It is composed of a motion controller and a motion planner.
The motion controller drives the actuators of the legs by using
local feedback control. The motion planner involves nonlinear
oscillators with mutual interactions. In this paper, capability of
dynamic turning motion of the proposed control system is verified
through numerical simulations: In the slow speed turning, the
robot has strong constraints geometrically. Whereas in the high
speed turning, the robot has great influences of dynamic forces.
These constraints conditions makes the motion of the robot
asymmetry in terms of duty ratio, stride and center of force
acting points. The proposed controller actively and adaptively
controls the waist joint of the main body to satisfy the geometrical
constraints during turning, and also controls the shoulder joints
to incline the main body to cancel the centrifugal force in high
speed turning by use of gravity force.

I. I NTRODUCTION

Locomotion is one of the basic functions of a mobile
robot. Using legs is one of the strategies for accomplishing
locomotion. It allows the robot to move on rough terrain.
Therefore, a considerable amount of research has been done
on motion control of legged locomotion robots. This paper
deals with the motion control of a quadruped robot.

Usually, motion control of a walking robot has been
achieved by using a model-based approach[1][2]. The model-
based approach is based on control theory; the design of the
trajectories of the legs are implemented through optimization
based on the model of the robot. The motion controller which
realizes the designed trajectories of the legs is also based on
the model of the robot.

In the future, a walking robot will be required which can
carry out tasks in the real world, where the geometric and
kinematic conditions of the environment are not specially
structured. A walking robot is required to realize the real-time
adaptability to a changing environment and manouverability to
generate voluntary motion accorging to context of changing
environment. However, it is difficult for the robot with the
model-based control system to carry out various tasks in
a changing environment or to adapt to variations of the
environment.

The walking motion of an animal seems to offer a solution
to the problem; During a walking, a lot of joints and muscles
are organized into a collective unit to be controlled as if it had

fewer degrees of freedom but to retain the necessary flexibility
for a changing environment[3].

On the other hand, research has been done on a control sys-
tem for walking robot which enables to adapt to variances of
the environment based on the CPG(Central Pattern Generator)
principle[4]–[8].

However, not so many researches treat the maneuverability
of a quadruped robot. In order to make a voluntary motion such
as turning motion, it is very important for the robot to have
maneuverability. Jindrich et al.[9] investigated coodination
of all legs of hexapods during turning, and clarified the
maneuverability of hexapod insects in terms of the role of
each leg. Holmes et al. clarified that the turning motion of a
hexapod locomotion is caused by the mechanical relationship
between COM(Center Of Mass) and COP(Center Of Pressure).
According to them, straight locomotion becomes unstable and
turning motion becomes stable under a condition of COM and
COP.

This paper deals with the design of the turning control
system of a quadruped robot by using nonlinear oscillators:
A nonlinear oscillator is assigned to each leg. The nominal
trajectory of the leg is determined as a function of phase of
its oscillator. We design the local feedback controller for each
joint of the legs using the nominal trajectories as the reference.
Touch sensors at the tips of the legs are used as triggers
on which the dynamic interactions of the legs are based.
The mutual entrainment of the oscillators with each other
generate a certain combination of phase differences, which
leads to the gait pattern. Farthurmore, in this article, a dynamic
turning controller is proposed. In the slow speed turning, the
robot has strong constraints geometrically. Whereas in the
high speed turning, the robot has great influences of dynamic
forces. These constraints conditions makes the motion of the
robot asymmetry in terms of duty ratio, stride and center
of force acting points. The proposed controller actively and
adaptively controls the waist joint of the main body to satisfy
the geometrical constraints during turning, and also controls
the shoulder joints to incline the main body to cancel the
centrifugal force in high speed turning by use of gravity force.

The performance of the proposed control system is verified
by numerical simulations.
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Fig. 1. Schematic model of a quadruped robot

II. M ODEL

Consider the quadruped robot shown in Fig. 1, which has
four legs and a main body. Each leg is composed of tree links
which are connected to each other through a one degree of
freedom (DOF) rotational joint. The main body is composed
of two parts, front body and rear body. The front body and the
rear body are connected through a rotational joint. Each leg
is connected to the main body through a one DOF rotational
joint. Legs are enumerated from leg 1 to 4, as shown in Fig.
1. The joint of the main body at waist is numbered as joint
0, and the joints of each leg are numbered as joint 1, 2, and
3 from the main body toward the end of the leg. We define
r
(0)
i and θ

(0)
i (i = 1, 2, 3) as the components of position

vector and Euler angle from inertial space to the coordinate
system which is fixed on the main body, respectively.theta(B)

is defined as the joint angle of the rear body to front body in
yaw axis. We also defineθ(i)

j as the joint angle of linkj of
leg i.

The state variable is defined as follows;

qT =
[

r
(0)
k θ

(0)
k θ(B) θ

(i)
j

]
(1)

(i = 1, · · · , 4, j = 1, 2, 3, k = 1, 2, 3)

Equations of motion for state variableq are derived using
Lagrangian formulation as follows;

Mq̈ + H(q, q̇) = G +
∑

(τ (i)
j ) + Λ (2)

where M is the generalized mass matrix and the termMq̈
expresses the inertia.H(q, q̇) is the nonlinear term which
includes Coriolis forces and centrifugal forces.G is the gravity
term. τ (i)

j is the input torque of the actuator at jointj of leg
i. Λ is the reaction force from the ground at the point where
the tip of the leg makes contact. We assume that there is no
slip between the ends of the legs and the ground.

III. C ONTROL SYSTEM

The architecture of the proposed control system is shown in
Fig. 2. The control system is composed of motion controllers
and a motion planner. The motion planner is composed of
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Motion controller

Motion planner

Trajectory generator

Motion generator

Fig. 2. Architecture of the control system

a motion generator and a trajectory generator. The motion
generator involves nonlinear oscillators corresponding to each
leg. The motion generator receives the commanded signal of
the nominal gait pattern as the reference. It also receives the
feedback signals from the touch sensors at the tips of the
legs. The gait pattern is determined by the phase differences
between the nonlinear oscillators. A modified gait pattern is
generated from the nominal gait pattern through the mutual
entrainment of the oscillators with the feedback signals of the
touch sensors. The trajectory generator encodes the nominal
trajectory of each joint angle in terms of phase of the oscilla-
tors, which is given to the motion controller as the commanded
signal. The motion controllers drive all the joint actuators of
the legs so as to realize the desired motions that are generated
by the motion planner.

A. Design of the trajectories of the legs

The position of the tip of the leg where the transition from
the swinging stage to the supporting stage occurs is called the
anterior extreme position (AEP). Similarly, the position where
the transition from the supporting stage to the swinging stage
occurs is called the posterior extreme position (PEP)[12]. We
determine the nominal trajectories which are expressed in the
coordinate system which is fixed on the main body. First, we
define the nominal PEP̂r(i)

eP and the nominal AEP̂r(i)
eA. The

index ∗̂ indicates the nominal value.
The trajectory for the swinging stage is a closed curve

given as the nominal trajectorŷr(i)
eF . This curve involves the

points r̂
(i)
eA and r̂

(i)
eP . On the other hand, the trajectory for the

supporting stage is a linear trajectory given asr̂
(i)
eS . This linear

trajectory also involves the pointŝr (i)
eA andr̂

(i)
eP . The position of

each leg on these trajectories is given as functions of the phase



of the corresponding oscillator. The state of the oscillator for
leg i is expressed as follows;

z(i) = exp(j φ(i)) (3)

where z(i) is a complex number representing the state of
the oscillator,φ(i) is the phase of the oscillator andj is the
imaginary unit.

The nominal phases at AEP and PEP are determined as
follows;

φ̂(i) = φ̂
(i)
A at AEP, φ̂(i) = 0̂ at PEP (4)

The nominal trajectories for swinging sagêr (i)
eF and for

supporting stagêr(i)
eS are given as functions of the phaseφ̂(i)

of the oscillator and are alternatively switched at every step
of AEP and PEP.

r̂(i)
e (φ̂(i)) =




r̂
(i)
eF (φ̂(i)) 0 ≤ φ̂(i) < φ̂

(i)
A

r̂
(i)
eS (φ̂(i)) φ̂

(i)
A ≤ φ̂(i) < 2π

(5)

The nominal duty ratiôβ(i) for leg i is defined to represent
the ratio between the nominal time for the supporting stage
and the period of one cycle of the nominal locomotion.

β̂(i) = 1 − φ̂
(i)
A

2π
(6)

B. Design of the gait pattern

The gait patterns, which are the relationships between
motions of the legs, are designed. The gait patterns for a
quadruped robot are divided into three groups: One is group
of the patterns in which three legs support the main body at
any instant during locomotion such as Walk. Another is group
of the patterns in which two legs support the main body at
any instant during locomotion such as Trot, Pace, Bounce.
The other is group of the patterns in which less than one leg
support the main body at any instant during locomotion such
as Gallop. In this paper, the former two groups are considered.

Each pattern is represented by a matrix of phase differences
Γ(m)

ij as follows;

φ(j) = φ(i) + Γ(m)
ij (7)

where, m = 1, 2 represent transverse walk pattern and
rotary walk pattern, respectively.m = 3, 4, 5 represent trot
pattern, pace pattern and bounce pattern, respectively.

C. Leg motion control

The angle of jointj of leg i is derived from the geometrical
relationship between the trajectorŷr (i)

e (φ̂(i)) and the joint
angle.θ̂(i)

j is written as a function of phasêφ(i) as follows;

θ̂
(i)
j = θ̂

(i)
j (φ̂(i)) (8)

where∗̂ indicates the nominal value. The commanded torque
at each joint of the leg is obtained by using local feedback

control as follows;

τ (B) = KPB(θ̂(B) − θ(B))3 + KDB( ˙̂
θ
(B)

− θ̇(B)) (9)

τ
(i)
1 = KP1(θ̂

(i)
1 − θ

(i)
1 )3 + KD1(

˙̂
θ
(i)

1 − θ̇
(i)
1 ) (10)

τ
(i)
j = KPj(θ̂

(i)
j − θ

(i)
j ) + KDj(

˙̂
θ
(i)

j − θ̇
(i)
j ) (11)

(i = 1, · · · , 4, j = 2, 3)

whereτ (B) andτ
(i)
j are the actuator torques at the connection

joint between front body and rear body, and at jointj of leg
i, respectively.

D. Gait pattern control

We design the phase dynamics of the oscillators correspond-
ing to each leg as follows;

φ̇(i) = ω + g
(i)
1 + g

(2)
2 (i = 1, · · · , 4) (12)

g
(i)
1 = −K

(
φ(i) − φ(j) − Γ(m)

ij

)
(13)

g
(i)
2 = (φ̂(i) − φ

(i)
A )δ(t − t0) (14)

t0 : the moment legi touches the ground

whereK is a constant number andδ is Delta-Function.
The oscillators form a dynamic system that affect each

other through two types of interactions. One is continuous
interactions fromg

(i)
1 which depends on the nominal gait

pattern. The other is the pulse-like interactionsg
(i)
2 which is

caused by the feedback signals from the touch sensor. Through
these interactions, the oscillators generate gait patterns that
satisfy the requirements of the environment.

IV. T URNING CONTROL

In order to realize the turning motion voluntarily, the robot
has to coordinate many degrees of freedom under kinematic
or dynamic constraint conditions. In the turning motion, there
may be considered two typical cases: One is kinematic turn
and the other is dynamic turn. In the kinematic turn, locmotion
velocity is slow and the dynamic influences such as centrifugal
forces or other nonlinear dynamic forces can be ignorable, but
geometrical and kinematic constraint conditions are dominant
and determines the turning motion. On the other hand, in
dynamic turn, locomotion velocity is fast and obtained gait
patterns are two-legs supporting gait such as trot, pace and
bounce. In this case, there are less number of the geometrical
and the kinematic constraints than the ’slow speed locomo-
tion.’ However, dynamic forces act on the system during
turning motion and those cannot be ignorable. For example,
centrifugal forces act on the system in the opposite direction
of the center of the arc of turning trajectory. Therefore, the
robot needs to be compensated for the influences of several
kinds of forces such as centrifugal force.

A. Kinematic turn

In the kinematic turn, locmotion velocity is slow in general
and three-legs supporting gaits, such as walk gait, crawl gait,
etc., are mostly observed. These gait pattern are the patterns



in which three legs support the main body at any instant
during locomotion. Therefore, the dynamic influences such as
centrifugal forces or other nonlinear dynamic forces can be
ignorable, but geometrical and kinematic constraint conditions
are dominant and determines the turning trajectory. Figure 3
expresses a simple model for kinematic turn. In this model,
there are several assumptions as follows;

1) Motion of the robot is ristricted in two-dimensional
motion. i.e. Rolling and pitching motions of the robot
are ignored.

2) All legs generates continuous propulsion velocity.
3) There is no slip between the legs and the ground.
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Rear body

Center of 
turning

Yaw joint

Desired walking
direction

VL
(r)

V
(f)

V
(f)
L

V
(f)

R

VR
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Fig. 3. Kinematics of turning motion

There are nine state variables of this simple model as
follows;

1) v
(i)
j : Propulsion velocity of legj of body i.

(i = f (front), r (rear), j = L (Left), R (Right))
2) v(i): Propulsion velocity at the geometrical center of

body i. (i = f, r)
3) R̂: Desired radius of arc for turning trajectory.
4) ∆R: Distance of turning trajectories between the front

and the rear bodies.
5) θw: Yaw angle of joint 0.

v
(f)
R

R̂ + W (f)

2

=
v(f)

R̂
=

v
(f)
L

R̂ − W (f)

2

(15)

v
(r)
R

R̂∆R + W (f)

2

=
v(r)

R̂
=

v
(r)
L

R̂ + ∆R − W (f)

2

(16)

v(f)

R̂
=

v(r)

R̂ + ∆R
(17)

R̂2 + L(f)2 = (R̂ + ∆R)2 + L(r)2 (18)

θw = tan−1

(
L(f)

R̂

)
+ tan−1

(
L(r)

R̂ + ∆R

)
(19)

where,L(i) andW (i) (i = f, r) are distance between center
of mass of bodyi and joint 0, and distance between the left
and the right legs of bodyi, respectively.

We obtain these seven constraint conditions. These con-
straint conditions determines following geometrical and kine-
matical constraints.

1) Equations (15),(16) are kinematical constraints and de-
termine the propulsion velocities of the legs if the
velocities of the front and the rear part of the main body
are given.

2) The velocities of the front and the rear of the main
body are not independent. If one is given, the other is
determined from Eq.(17).

3) Equation (18) expresses the geometrical relationship
among the center of arc for turning trajectory, two parts
of the main body and joint 0.

4) Equation (19) determines yaw angle of joint 0 if radius
of arc for turning trajectory is given.

From eqs. (15)∼ (19), the turning trajectory is completely
determined when two parameters are given, radius of arc for
turning trajectoryR̂ and walking velocityv (f). In other words,
this simple model has no redundant degrees of freedom for
turning motion. Therefore, if there is a slight fluctuation of
motion such as rolling and pitching motion of the main body,
the robot is difficult to follow the desired turning trajectory.

In this article, joint 1 for each leg is adaptively controlled
to compensate the influences of model error or disturbances
as the redundant degree of freedom.

B. Dynamic turn

In dynamic turn, locomotion velocity is fast and obtained
gait patterns are two-legs supporting gait such as trot, pace and
bounce. In this case, there are less number of the geometrical
and the kinematic constraints than the slow speed locomotion.
However, dynamic forces act on the system during turning
motion and those cannot be ignorable. The robot needs to
be compensated for the influences of several kinds of forces
such as centrifugal force. Centrifugal force is proportional to
square of locomotion velocity and reciprocal of radius of arc
for turning trajectory. This force generates a torque around
the supporting points for the main body as to goes outside of
turning trajectory. On the other hand, there is a gravity torque
around the supporting points. In dynamic turn, time periods
for swinging stage for each leg deviate among outer legs and
inner legs for turning trajectory because of centrifugal force.
Time period for swinging stage is shorter in outer than in inner.
This asymmetry of swinging duration between the left and the
right causes differences of duty ratio between the motion of
outer legs and that of inner legs.

In this article, joint 1 of each leg is adaptively controlled
combining with control of yaw angle at joint 0 to compensate
the influences of dynamic forces and gravity force. The
actuator of joint 1 of each leg is controlled to degrade the
asymmetry of the duty ratio between the left and the right.
On the other hand, yaw angle at joint 0 is controlled as to
satisfy the geometrical and kinematic constraint conditions
during turning motion.

C. Turning controller

The turning controller is designed as follows: First, when
desired walking direction̂θturn and desired walking speed
V̂ are given, which may be given from a visin system as a
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commanded signal, those are regarded as the nominal values
for control parameters.

θ̂w = θ̂turn (20)

v̂(f) = V̂ (21)

From Eq.(19), nominal radius of arc of turning trajectoryR̂
is determined.

R̂ =
−∆R sin θw

2 +
√
−∆R2 cos2 θw

2 + α

2 sin θw

2

(22)

α = L(f)2 + L(r)2 + 2L(f)L(r) cos θw (23)

From Eqs.(15)∼ (17), the nominal propulsion velocity for
each leg is determined.

v̂
(f)
L = v(1) =

R̂ − W (f)

2

R̂
V̂ (24)

v̂
(f)
R = v(2) =

R̂ + W (f)

2

R̂
V̂ (25)

v̂
(r)
L = v(3) =

R̂ + ∆R− W (f)

2

R̂
V̂ (26)

v̂
(r)
R = v(4) =

R̂ + ∆R + W (f)

2

R̂
V̂ (27)

The nominal stride for each leg is calculated from eqs.(24)
∼ (27) by using nominal duty ratioβ (i).

Ŝ(1) =
β(1)Tsw

1 − β̂(1)

R̂ + W (f)

2

R̂
V̂ (28)

Ŝ(2) =
β(2)Tsw

1 − β̂(2)

R̂ + W (f)

2

R̂
V̂ (29)

Ŝ(3) =
β(3)Tsw

1 − β̂(3)

R̂ + ∆R − W (f)

2

R̂
V̂ (30)

Ŝ(4) =
β(4)Tsw

1 − β̂(4)

R̂ + ∆R + W (f)

2

R̂
V̂ (31)

These nominal values of strides are given to the trajectory
generator in the motion planning system.

The input torques at joint 0 and joint 1 of each leg are
designed as follows;

Joint 0
τ0 = KP0(θ̂w − θ0) − KD0θ̇0 (32)

Joint 1 of each leg

˙̂
θ
(i)

1 = KS(β(I) − β(O)) O : outer leg, I : inner leg

τ
(i)
1 = KP1(θ̂

(i)
1 − θ

(i)
1 ) − KD0θ̇

(i)
1 (33)

V. NUMERICAL SIMULATION

Numerical simulations are implemented to verify the per-
formances of the proposed control system. Table 1 shows the
physical parameters of the robot which are used in numerical
simulations.

Table 1
Main body

Width 0.20 [m]
Length 0.36 [m]
Height 0.05 [m]
Total Mass 8.4 [kg]

Legs
Length of link 1 0.188 [m]
Length of link 2 0.193 [m]
Mass of link 1 0.918 [kg]
Mass of link 2 0.595 [kg]

The nominal time period of the swinging stage is chosen as
0.20 [sec].

First, asymmetry of duty ratio during motion is investigated.
Figiure (5),(6) show the ratio of the value of phase-reset of
the oscillator at the moment of leg’s contact on the ground
against the total locomotion cycle. Asymmetry of the nominal
stride between the left and the right is selected as a parameter.
These cases are without the proposed turning controller. From
the results, the greater the asymmetry of the stride between
the left and the right becomes, the larger the asymmetry of
the ratio of the value of phase-reset of the oscillator becomes.
The case of̂β = 0.55, that is, high speed dynamic locomotion,
is extremely remarkable. These results imply that the system is
constrained by kinematic constraint condition in the kinematic
turn, while it considerably has influences from the centrifugal
force and gravity force in the dynamic turn. In the dynamic
turn, asymmetry of duty ratio is caused by the centrifugal force
primarily. Therefore, it is effective to control the joint 1 of each
leg to incline the main body to inside of turning trajectory by
using the asymmetry of the duty ratio.

Figure (7) shows the turning trajectory of the quadruped
robot with the proposed control system. Figure (7.a) shows
the case of̂β = 0.75, that is, kinematic turn at slow walking
velocity in walk pattern. While, Fig. (7.b) shows the case of
β̂ = 0.50, that is, dynamic turn at considerably high speed
walking in trot pattern. The center of the desired turning curve(
circle ) is (0 [m],-1.65[m]), and the nominal radius of the circle
is given asR̂ = 1.65 [m]. From these figures, the robot with
the proposed control system can follow the desired trajectory
with small tracking errors and established steady and stable



locomotions. The effectiveness of the proposed control system
is verified through these results.
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Fig. 5. Reset values of oscillator phase.(Front legs)
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Fig. 6. Reset values of oscillator phase.(Rear legs)
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VI. CONCLUSION

We proposed a control system for a walking robot with a
hierarchical architecture which is composed of motion con-
trollers and a motion planner. The motion controller drives
the actuators at the joints of the legs by use of high-gain
local feedback based on the commanded signal from the gait
pattern controller. Whereas the motion planner alternates the
motion primitives by synchronizing with the signals from
the touch sensors at the tips of the legs, and stabilizes the
phase differences among the motions of the legs adaptively.
Farthurmore, in this article, a dynamic turning controller is
proposed. In the slow speed turning, the robot has strong con-
straints geometrically. Whereas in the high speed turning, the

robot has great influences of dynamic forces. These constraints
conditions makes the motion of the robot asymmetry in terms
of duty ratio, stride and center of force acting points. The
proposed controller actively and adaptively controls the waist
joint of the main body to satisfy the geometrical constraints
during turning, and also controls the shoulder joints to incline
the main body to cancel the centrifugal force in high speed
turning by use of gravity force.

In the future, we are planning to design the control system
in which the voluntary motions are selected or generated
according to the state of the robot by utilizing the external
sensors such as vision system. Using such a control system, it
is expected that adaptability of the robot to variations of the
environment will be highly improved.
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